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Rate-Compatible Non-Binary LDPC Codes:
Flexible and Robust Design

Weigang Chen, Charly Poulliat and David Declercq

Abstract

This Deliverable deals with the design and optimization of punctured coding schemes with a non-binary LDPC
code as mother code, in order to obtain the property of rate adpatibility for time varying channels or QoS.

In a first part of the deliverable, we propose a new design scheme of rate-compatible codes using(2, dc) non-
binary LDPC codes overGF (q) as mother codes and compares it with its counterpart in the litterature. Both the two
rate-compatible schemes use the bitwise puncturing methods. On the one hand, the proposed puncturing scheme is
performed on parity-check symbols in a systematic form in order to have an efficient linear-time encoder. On the
other hand, it punctures the parity-check symbols cluster by cluster to increase the achievable rate range. Finally,
we verify the superiority of the systematic puncturing scheme in complexity and performance using computer
simulations.

Although interesting in terms of performance, the proposedmethod assumes bitwise puncturing of the non-
binary code, regardeless of the constellation order (M-QAM). This strategy gives rise to an important complexity
increase in the demodulation which computes the log-likelihood ratios (LLRs) of the punctured symbols. In order
to bypass this issue, we propose in a second part a more pragmatic approach, based on symbolwise puncturing,
which performs only slightly worse than the bitwise puncturing when the puncturing patterns and the code design
are optimized in a joint fashion. We will use a protograph based approach in order to make the method valid for
all codeword lengths.
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I. I NTRODUCTION

In time-varying wireless channel, adaptive modulation andcoding (AMC) and HARQ (Hybrid Auto-
matic Retransmission reQuest) are often adopted to improve the transmission rate in wireless commu-
nications when channel state information or retransmission is available [1]. These two techniques have
been both adopted in the next generation communication systems, such as, IEEE 802.16e (WiMAX), IEEE
802.11n, LTE, etc. Meanwhile, in order to approach the channel capacity, high performance channel codes
are also needed.
The low-density parity-check (LDPC) code is a very promisingcandidate in the future wireless commu-
nications due to their relatively low implementation complexity and good error-correction performance.
However, even LDPC codes can be implemented in low complexity, when AMC or HARQ is used, several
encoder and decoders are needed to be integrated in a single terminal, and thus the silicon area and power
consumption cause a great challenge. As a consequence, rate-adaptive LDPC codes with only one pair of
mother encoder and decoder is a practical tradeoff for performance and complexity.

Puncturing is a very efficient design method to obtain rate-adaptivity by canceling transmission of
different number of bits or symbols to achieve different code rates. Usually, it is assumed that the decoder
knows the locations of punctured bits or symbols in the mother codes. If the punctured bits or symbols
in a lower rate code are also punctured in a higher rate code, the rate adaptive channel code is called
rate-compatible code. The asymptotic analysis of puncturing schemes for LDPC codes was investigated
in [2], [3] and [4]. Although these results are all based on infinite code length, puncturing methods
could be analyzed for finite length code ensembles using finite-length scaling in [5]. These asymptotical
approaches are however not completely practical since theydo not give explicit algorithms to design
puncturing patterns for a fixed code. It is still a tough task to puncture a specific finite-length LDPC
code with minimal performance degradation compared with independently designed codes. A noticeable
improvement is introduced in [6], where the authors proposeda greedy algorithm to decompose the
variable nodes in the Tanner graph intop + 1 setsG0, G1, G2, · · · , Gp by different recovery steps and
also the nodes in each set are ordered. In this way, puncturing is executed in the order ofG1, G2, · · · , Gp

and also is performed in the sorted order for each set. Analysis and simulation both verify the efficiency
of this design method. An improved scheme based on the methodin [6] was proposed to improve the
performance further in [7]. A special puncturing scheme forfinite-length irregular repeat accumulate codes
was also proposed in [8].

Non-binary cycle LDPC codes over high order fieldsGF (q) have shown promising performance in short
and intermediate code lengths compared with the state-of-art error correction codes in the literature [9],
[10], [11], [12], [13] and they have been proposed in the DaVinci project [14]. Therefore, this kind of codes
are very suitable to serve as the mother codes for rate-compatible codes. The puncturing method based
on nodes grouping and sorting is also extended to the non-binary LDPC codes in [15] and [16]. However,
no specific LDPC code structure is not considered in their design, and we wish to improve the design
of puncturing patterns by taking into account a particular topological structure of the mother Tanner graph.

In the first part of this deliverable, we investigate the method in [15] and [16]. We point out that
the puncturing method in [15] does not considering the structure of (2, dc) codes and may increase
the implementation complexity. Based on this, we propose an even simplified method to achieve the
rate-compatibility and has even lower complexity. The maincontributions of the proposed method are
concluded into two points: 1) consider the efficient encoding structure of(2, dc) non-binary LDPC codes
and complexity; 2) puncturing the parity-check symbols by consecutive bits also called cluster to extend the
code rate range. The proposed method also has the identical or even improved performance with reduced
complexity compared with the puncturing method via node grouping and sorting in [15]. In Section II, the
framework of rate-compatible code design by puncturing is presented. In Section III, puncturing via node
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grouping and sorting is introduced and this will serve as a benchmark for the new proposed schemes. In
Section IV, we investigate the efficient encoding problem for the codes proposed in DAVINCI project,
and propose the systematic puncturing schemes based on the structure of the DAVINCI codes. In Section
VI, the simulation results of the optimized scheme are presented and compared to the different existing
puncturing schemes.

In the second part of the deliverable, we propose a very simple puncturing scheme which is based on
the results obtained in the first part, and which takes into account the specificity of the hardware compliant
code design that has been proposed in deliverable D4.5. Basedon a particular protograph approach, we
show that symbolwise puncturing is easy to implement with the “grouping and sorting” method, so that
the puncturing pattern becomes trivial. Section VII explain the principle of the approach, and section VIII
verifies by simulations that the proposed scheme is indeed close to optimal coding performance.
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II. RATE-COMPATIBLE CODE DESIGN BY PUNCTURING

In order to design a rate-compatible coding scheme. We should first choose a good mother code or
code ensemble. Then, the code or code ensemble is punctured to achieve a set of code rates, at which the
codes also exhibit good practical performance compared to independently designed codes. We also follow
this design frame. we choose(2, dc) non-binary LDPC code defined overGF (q) as mother codes and
bitwise puncturing to achieve a set of code rates. In this section, we first introduce the(2, dc) non-binary
LDPC codes which serve as mother codes in this design frame and then introduce the puncturing methods
to design higher code rates.

A. Non-Binary LDPC Codes as Mother Codes

Non-binary LDPC codes are linear block codes usually definedover high order finite fieldsGF (q)
and can also be represented with the associated Tanner graphs [9]. It has been proved that they are
asymptotically good when defined on high order fields [10], [11]. Also, some improved design methods
have been proposed to strengthen the performance [12], [13]. Therefore, in this deliverable, we design
code compatible schemes based on this kind of codes.

Let H = (hi,j)M×N be the parity-check matrix of the non-binary LDPC code overGF (q) (q ≥ 2) and
T the associated Tanner graph. Any non-zero entryhi,j in the parity-check matrixH = (hi,j)M×N of the
code overGF (q) (q ≥ 2) is an elementαk ∈ GF (q), k ∈ {0, 1, 2, · · · , q − 2}. In the Tanner graph, a
non-zero valueαk ∈ GF (q) is assumed on each edgeei,j ∈ T .

Non-binary LDPC codes can also be decoded using message passing decoding algorithms [9]. Also,
some improved decoding algorithms have been proposed [17],[18], [19], [20], [21], [22]. In this deliv-
erable, we first use the basic decoding algorithm based on FFTtransformation to evaluate the relation
between the structure and performance [9], [20]. It should be mentioned that in this deliverable all the
punctured codes are decoded on the Tanner graphs of their mother codes in order to use only one encoder
and decoder pair.

In this deliverable, we choose the(2, dc) non-binary LDPC codes as mother code to design rate-
compatible schemes, for this codes exhibit significant performance compared with the state-of-the-art
codes [13], [14]. We choose the mother code rate of 1/2 and puncture to 2/3 and 3/4. With this design
scheme, the number of information bits in each frame is constant and it is very suitable for such techniques
as HARQ.

B. Puncturing for Rate-Compatible Code Design

Puncturing is one of the most common method to construct rate-compatible codes. Another popular
method is extending to achieve lower code rates. In this deliverable, we view extending as a reverse process
of puncturing from the extended lowest-rate code. In this part, we first survey the fundamental properties
of punctured LDPC codes to verify that puncturing is an efficient design method for rate-compatible code
design.
Below, we list some basic properties for punctured LDPC codes[3], [4].

1) There is a punctured thresholdpth for randomly and intentionally punctured LDPC code ensembles.
2) For any rateR1 andR2 that 0 < R1 < R2 < 1, there exists an LDPC code ensemble, which can be

punctured from rateR1 ro R2 resulting in asymptotically good codes for all ratesR1 ≤ R ≤ R2.
3) For any ensemble of(λ, ρ) LDPC codes with rateR1 > 0, and anyR2 satisfyingR2 < R1 < 1,

there exists an ensemblle of punctured LDPC codes ofR1 with parent rateR2 having the same
threshold under the belief propagation algorithm.

From the conclusions above, we believe that good punctured codes can be obtained from the proper lower
rate mother codes, though there exists a puncturing rate threshold. Also, it has been proved that properly
designed puncturing codes can also asymptotically achievethe identical threshold as the independently
designed codes and these codes are also asymptotically good[3], [4]. However, for finite-length case,
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there are still some problems. The coding gain of a puncturedcode at each code rate is usually poorer
than that of the corresponding dedicated code for a certain code rate, i.e. independently optimized code for
the code rate. Therefore, punctured bits must be chosen carefully to minimize performance gap between
dedicated and punctured codes in finite-length case. A selection pattern of punctured symbols is called a
puncturing distribution for a required code rate. Then, howto choose the puncturing distribution is the
central problem for rate-compatible code design. A very efficient puncturing design scheme based on node
grouping and sorting has been proposed in [6]. We will brieflyintroduce this method in the next section.

However, it is even more complex to design rate-compatible codes by puncturing non-binary LDPC
codes. For non-binary LDPC codes, each variable node (variable symbol) is represented byp bits if the
non-binary LDPC code is defined overGF (2p). Therefore, for puncturing of non-binary LDPC codes,
there exists a tradeoff between the number of punctured symbols and the number of punctured bits in
each punctured symbol. In [15], a bitwise puncturing methodof non-binary LDPC codes is proposed to
achieve good performance especially in intermediate code rates. Their method can be decomposed into
two steps [6], [15].

1) Determine the punctured symbols using symbol grouping and sorting method proposed in [6] and
[15].

2) Determine the number of bits in each punctured symbol by bitwsie spreading [15].
Simulation results have revealed that bitwise puncturing can achieve better performance compared to

symbolwise puncturing for non-binary LDPC codes. Therefore, in a first part of the study, we mainly
focus on bitwise puncturing schemes. This bitwise puncturing method will also be introduced in the next
section.
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III. PUNCTURING VIA NODE GROUPING AND SORTING

In this section, we survey the puncturing method using node grouping and sorting for finite-length
binary LDPC codes proposed in [6] and the specific bitwsie puncturing method when using non-binary
LDPC codes as mother codes in [15].

A. Node Grouping and Sorting

In [6], the authors proposed a specific way to find the locations of punctured symbols in LDPC
codes, which attempts to minimize the performance loss due to the puncturing and maintains the rate-
compatibility.

The main contribution of this method is to introduce the concept of recoverable step. It is stemmed from
the the recovery in the BEC channel and also used in AWGN channel. First, we review some definitions in
[6]. For example, a punctured variable node that has check nodes whose remaining neighboring variable
nodes are unpunctured will have nonzero messages from the check nodes in the first iteration. The process
for a punctured node to have messages from check nodes is called as recovery by analogy with the one
over binary-erasure channels. The punctured node in the preceding example will be called a one-step-
recoverable (1-SR) since the node is recovered in the first iteration. The 1-SR nodes and unpunctured
nodes will help recover some of the remaining punctured nodes in the second iteration, and so on. In
general, the punctured nodes recovered in thek-th iteration are calledk-SR nodes.

The main idea hidden in the puncturing method via node grouping and sorting is based on the conjectures
that the more iterations a punctured node needs for its recovery, the less statistically reliable the recovery
message is and that ak-SR node connected with more survived check nodes will be recovered with a
more reliable message. Thus, it is better to puncture nodes that require a smaller number of iterations
and possess lower node degree, which results not only in lessiterations to decode codewords but also in
better performance at a given code rate.

In this deliverable, useG0, G1, G2, · · · , Gp to denote unpunctured variable node set, 1-SR variable node
set, 2-SR variable node set,...,p-SR variable node set. UseC0, C1, C2, · · · , Cp to denote survived check
node set in 0-SR, 1-SR, 2-SR, ...,p-SR. Here, we use 0-SR to represent the initial information before
recovery.

B. Puncturing Non-Binary LDPC Codes

For non-binary codes, each symbol (or each variable node) isrepresented byp bits if the non-binary
codes are defined onGF (2p). Thus, there is a new freedom to puncturing each symbol entirely or partially.

In [6], based on the symbol grouping algorithm and observation on the LLR initialization process, a
two-step method is presented to puncture the code bitewisely, especially for moderate code rates [15].
Specifically, first symbol grouping is executed on the underlying Tanner graph. With this scheme, we reduce
the search space from all bits in a codeword to those bits included in the punctured symbols. Then, some
bits are punctured using a bitwise pattern. When choosing thepunctured bits, two basic principles are
adopted. First, puncturing many bits per symbol should be performed exclusively on variable nodes with
low levels of recoverability. At the same time, puncturing should be spread uniformly over all variable
nodes of the same level of recoverability.

However, there are two problems in this scheme. One is the complexity problem considering encoding
and this will be addressed in the next section. The other is that, many bits involved in the setG0 can
not be punctured. Thus, the number of the symbols which can bepunctured (especially the symbols in
G1 which are recovered in only one step) is so limited and for thepunctured symbols almost all the
bits should be punctured. This reduces the performance of the rate-compatible codes and also limits the
code rate range, especially when we consider the efficient encoding problem and only puncturing the
parity-check symbols. In the following, we give an example.

Example 1:
Let us take as an example the non-binary code on the(2, 4) regular Tanner graph with 48 check nodes
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and 96 variable nodes. This non-binary code is defined overGF (64). It has a rate of 1/2 and code length
576 bits. Using the node grouping and sorting method in [6] and [15], we classify all the variable node
into three setsG0, G1, G2 and |G0| = 59, |G1| = 32, |G2| = 5. In order to design a good higher rate code
by puncturing, we give the following puncturing method. In this design, we puncture 192 bits bitwisely
to achieve a code with code rate of 3/4. In Table I and II, we give two puncturing distributions. In the
first puncturing distribution, we puncture both 1-SR and 2-SR nodes. In the second one, we only puncture
1-SR nodes. Indeed, this is a symbolwise puncturing method.

Table I
PUNCTURED BIT DISTRIBUTION I

Type Num. Punct Sym Punct. bit all bits

0-SR 59 0 0 0

1-SR 32 32 5 or 6 167

2-SR 5 5 5 25

sum 96 37 / 192

Table II
PUNCTURED BIT DISTRIBUTION II

Type Num. Punct Sym Punct. bit all bits

0-SR 59 0 0 0

1-SR 32 32 6 192

2-SR 5 0 0 0

sum 96 32 / 192

These are the optimal puncturing methods according to the principles mentioned above. However, they
don’t consider the specific structure of(2, dc) non-binary codes and the efficient encoding problem. This
will be addressed in the next sections.
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IV. ENCODING OFRATE-COMPATIBLE NON-BINARY CODES

In this deliverable, we consider the efficient encoding and puncturing method of(2, dc) non-binary
LDPC codes. Reducing the encoding complexity is a basic requirement in designing LDPC codes [23],
including rate-compatible codes [24], [25].

For the DaVinci project, all the codes are the(2, dc) regular non-binary LDPC codes, which have the
uniform variable node degree of 2 and check node degree ofdc [14]. In the design of these codes, all the
check nodes in the underlying Tanner graphs are imposed to form a biggest single cycle only considering
the check nodes. Without considering the variable nodes, the biggest cycle is called Hamiltonian cycle. In
another viewpoint, we can view the(2, dc) non-binary LDPC codes as a kind of multi-edge type LDPC
codes [26]. This can be observed in Fig. 1. In Fig. 1(a), the underlying Tanner graph of(2, dc = 4)
non-binary LDPC code is presented, which includes 8 check nodes and 16 variable nodes. Note that in
Fig. 1(b) all the variable nodes in the edges are eliminated for simplicity in this graph and all the 8 check
nodes form a biggest cycle, also known as Hamiltonian cycle [27], [28]. Therefore, using the encoding
method proposed in [29] and [30], these code can be encoded inlinear time. The specific encoding method
can be found in [29], [30]. With this design constraint, the description complexity of the graph is also
reduced, for the link of subgraph associated with parity-check symbols doesn’t need record.

  

 

 

  

 

 

(a)

(b)

        

! ! ! ! ! ! ! !

! ! ! ! ! ! ! !

variable nodes 

associated to check symbols

variable nodes 

associated to info. symbols

check  nodes 

Figure 1. The underlying Tanner graph for efficiently encodable(2, dc) regular non-binary LDPC codes. Here, we only give a small
example with 8 check nodes and 16 variable nodes.
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A. Linear-Time Encoding Methods

In this part, the efficient encoding of the non-binary LDPC codes in DaVinci Project is investigated.
First, we arrange the parity-check matrix asH = [Hi,Hc] and guarantee the matrixHc has an inversion
with proper non-zero entries. In order to guarantee the fullrank ofHc, the full rank criterion introduced in
[13] can be used to choose the non-zero entries. In this way, we configure the information symbols on the
edges not included in the biggest cycle while the parity-check symbols on the edges in the biggest cycle
as in Equation 1. The main advantage of encoding based on decomposing the graph into hamiltonian cycle
and chord edges is that only little data need be stored and efficient encoding can be easily implemented.

H =



























Hi,

αk0,0 0 0 · · · 0 αk0,1

αk1,0 αk1,1 0 · · · 0 0

0 αk2,0 αk2,1 · · · 0 0
...

...
...

.. .
...

...

0 0 0 · · · αk(M−2),1 0

0 0 0 · · · αkM−1,0 αkM,1



























(1)

Then, the non-binary(2, dc) LDPC code can be encoded using the parity-check matrix directly. Let
c = [m,p] denote a codeword, wherem and p denote information bit vector and check bit vector,
respectively. Thus, we have

H · cT = [Hi,Hc]M×N · [m,p]T
1×N = 0. (2)

Here,Hc is the right part in Eq. (3), then

pT = H−1

c

(

Hi · m
T
)

. (3)

Obviously, the computation ofHi · m
T can be executed directly for the sparseness ofHi. However,

for direct encoding with Eq. 3, the inversion matrixH−1

c is usually dense. Then, if Eq. 3 is used for
encoding, the number of multiplication computation isM2 and the number of the addition computation
is M(M − 1) if accumulator is used. For very long code, this is not an efficient encoding method. It is
obviously that the direct encoding has the computation complexity of O(M2).

In order to implement the linear encoding of the(2, dc) LDPC code overGF (q), we have the following
representation

Hc · p
T = Hi · m

T = s (4)

and then the recursive computing method forp from s can be used as proposed in [29] and [30]. We
also assume the coefficients have been stored before computing and all the division is computed using the
inversion symbols which are also stored. Then the computation includes(2M − 2) additions,(3M − 1)
multiplications overGF (q). It can be observed the(2, dc) LDPC code is encoded in linear time. Indeed,
we can even lower the complexity of the encoder by very small modification [31].

B. Non-Systematic Mode and Complexity

However, there are some problems when the codes are used as mother codes with puncturing method
surveyed in Section 3. When using the puncturing method in [6]and [15], the punctured symbols may
include information symbols according to the efficient encoding method introduced in the previous part.
Indeed, there exist two methods to deal with this problem.

The first method is to rearrange all the symbols before transmission. The code is still encoded using the
linear efficient encoding method but is punctured in a non-systematic form. The rate-compatible encoding
process can be decomposed into two steps: encoding and puncturing. First, encoding is also performed



10

using Eq. 1 and Eq. 4. Then, in order to implement the rate compatibility, we rearrange the symbols and
use another vectorcπ = [cπ0 , cπ1 , · · · , cπL

] to denote which symbols are punctured for each code rate,
i.e., the puncturing pattern. Here, we use the puncturing vector cπ to denote theL punctured vectors for
the L code rates besides the mother code rate. The code rate of the mother code isR0. If we punctured
cπ1 , we get the code rateR1, puncturecπj

, 1 ≤ j ≤ 2, to getR2 andcπj
, 1 ≤ j ≤ 3 to getR3, and so on.

In this way, we can get all theL code rates. Obviously, this increases the complexity. Withthis method,
the rate-compatible codes are used in a non-systematic mode. It not only increases the complexity in the
encoder and decoder, but also increases the transmission delay using the non-systematic mode.

The second method is to adopt preprocessing. We first group the punctured symbols as parity-check
symbols. However, in this way, it may be difficult to obtain the efficient encoding structure and the
encoding can only be executed using Eq. 3. Therefore, due to the density ofH−1

c , it can not be encoded
in linear time. This also increases the implementation complexity.

Due to the increased complexity of the two methods, a new systematic puncturing method for non-binary
LDPC codes is presented in the next section.
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V. SYSTEMATIC BITWISE PUNCTURING FORNON-BINARY CODES

In this deliverable, we propose a new systematic puncturingscheme for non-binary LDPC codes, which
can be encoded in linear time and punctured in a systematic way. In this scheme, we exploit the struture
property of the non-binary(2, dc) LDPC codes proposed for the DaVinci project [14] as mother codes.

This method is different in two points from the puncturing methods via node grouping and sorting.
1) This method is to puncture only the parity-check symbols and all the information symbols are

grouped into the setG0. That is, the puncturing is performed in a systematic way.
2) The parity-check symbols are punctured cluster by clusterrather than symbol by symbol. For

example, two consecutive variable nodes are assembled intoa cluster, which only involve one
dead check node in the first recovery step. When we choose puncturing nodes, the two consecutive
variable nodes in the cluster are punctured simultaneously. In this way, we change the node grouping
and sorting method symbol by symbol to a cluster-by-clustermode.

In order to grantee the low complexity of systematic puncturing, according to the observation in [6],
we can puncture only the parity-check symbols via node grouping and sorting to obtain several code rates
in the systematic form. However, in order to grantee that allthe punctured parity-check symbols can be
recovered from the unpunctured symbol in relatively less steps even one step, the number of nodes which
can be punctured is limited. We show the shortage of this method with an example in Fig. 2. Assume we
only allow one step nodes and a possible grouping process is shown in Fig. 2. If we group one variable
nodevi associated to parity-check symbols intoG1, vj into G0, cp into C1, and cq into C0, we can not
puncture variable nodesvj for vj ∈ G0, and we can neither puncture variable nodesvk becausevk connects
to cq and cq has been connected to a punctured nodevi. In this way, at most only half of parity-check
symbols can be punctured. This limits the punctured code rate range. For example, let assume the number
of check nodes can be divided by 2 and the achievable code ratelies in the regionR = [R0, 2R0/(1+R0)].
If the mother code rateR0 = 1/2, the achievable rate regionR = [1/2, 2/3] and it is limited.

  

! !

!

! !

! !

parity-check symbols

 info. symbols

0q
c C 

1p
c C 

1i
v G 

0j
v G 

k
v G

 
!

0
G

 

! !

!

C
 

! !

" "

"

" "

" "

parity-check symbols

 info. symbols

0
C

1
C

1
G

0
G

0
G

0
G

 

! !

!

1
C

1
G

Figure 2. Shortage of the systematic puncturing method only performed on parity-check symbols for(2, dc) non-binary LDPC codes. The
blank variable nodes represent punctured variable nodes associatedwith parity-check symbols, and the green nodes represent unpunctured
variable nodes associated with parity-check nodes or information nodes.

In order to combat this problem and extend the achievable code rate range by systematic puncturing,
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we first assemble the parity-check symbols in a cluster by cluster. Fig. 3 gives an example in which
the punctured nodes are assembled pair by pair. In Fig. 3, theblank variable nodes are punctured nodes
and the green ones are unpunctured. That is, there are two punctured nodes between two unpunctured
nodes forming a punctured node cluster as shown in Fig. 4. It can be observed that in this subgraph,
the two punctured symbols can be recovered in only one step, though there is a dead check nodes in
the first recovery step. This satisfies the consideration in the method [15]. In this way, we can achieve
good performance and minimize the performance loss due to puncturing. This will be verified in the next
section using computer simulations.

We can explain the proposed method in several aspects. First, more punctured positions can be lo-
cated. Indeed, at most 2/3 parity-check symbols can be punctured with this method, which will enlarge
the achievable code rate range. Second, the systematic puncturing method has the advantage in lower
complexity. In this method, there are at most 2/3 punctured parity-check symbols which can be recovered
in the first step, which are evenly distributed in all the parity-check symbols. Thus, we do not need to
record the positions of punctured symbols. In our experiments, if we puncture equal number of bits in
each symbol and in equal positions, we do not need to record the punctured bit position. For example,
we can puncturing all the first several bits in each symbols. This does not degrade the performance. Thus,
the systematic method proposed in this deliverable exhibits lower complexity compared to the method in
[15] in two aspects: efficient encoding and regular puncturing distribution. Third, this puncturing exhibits
better performance when using the non-binary LDPC codes with short code lengths as designed in [14].
This will be shown in the next section.
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Figure 3. The systematic puncturing pattern for(2, dc) non-binary LDPC codes. The blank variable nodes represent punctured variable
nodes associated with parity-check symbols, and the green nodes represent unpunctured variable nodes associated with parity-check nodes
or information nodes. The blank check nodes represent the dead check nodes in the first recovery step while the yellow ones survived check
nodes.

In conclusion, the proposed scheme has two advantages over the puncturing scheme via node grouping
and sorting. First, this method has a systematic encoding method with a regular puncturing distribution
and thus has a relatively lower complexity compared the two method in the previous section. On the other
hand, the systematic puncturing method does not cause performance degradation and it even surpasses
the puncturing method via node grouping and sorting in some cases. This will be verified via computer
simulations in the next section.

However, this puncturing method also has a code rate range. Let assume the number of check nodes can
be divided by 3. If the symbols are clustered pair by pair and weonly allow 1-SR nodes, the achievable
code rate lies in the regionR = [R0, 3R0/(1 + 2R0)]. If the check node number can not be divided by 3,
the code rate range is a little different. In this deliverable, we choose the mother code rate is 1/2 and the
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Figure 4. A punctured cluster for(2, dc) non-binary LDPC codes. The blank variable nodes represent punctured variable nodes associated
with parity-check symbols, and the green nodes represent unpunctured variable nodes associated with parity-check nodes or information
nodes. The blank check nodes represent the dead check nodes in thefirst recovery step while the yellow ones survived check nodes.

check node number of the underlying Tanner graph can be divided by 3. Thus, the code rate range can
be achieved is[1/2, 3/4]. Strictly speaking, the code can be punctured bit by bit and the code rate can
be achieved in a very fine grain. In this deliverable, we choosetwo code rate 2/3 and 3/4 as examples.
Therefore, this method also has a code rate limitation as thepuncturing method in [15].

Furthermore, if we want to extend the code rate further and can allow 2-SR nodes, we can extend the
achievable code rate range toR = [R0, 5R0/(1 + 4R0)] with the assumption that the number of check
nodes can be divided by 5. Otherwise, there exists a little difference in the range. If we also use the
mother code rate of 1/2, we can obtain a highest code rate of 5/6. In this way, there are four punctured
nodes between a pair of unpunctured nodes along the biggest cycle in the Tanner graph as shown in Fig.
5. In this case, 2-SR nodes are allowed to exist.
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Figure 5. The systematic puncturing pattern from code rate 1/2 to 5/6 for(2, dc) non-binary LDPC codes. The blank variable nodes represent
punctured variable nodes associated with parity-check symbols, and thegreen nodes represent unpunctured variable nodes associated with
parity-check symbols or information symbols. The blank check nodes represent the dead check nodes in the first recovery step while the
yellow ones survived check nodes.
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VI. SIMULATION RESULTS FORBITWISE PUNCTURING ANDCOMPARISONS

To verify the performance of the proposed systematic puncturing method in this deliverable, this section
presents the simulation results to compare it with the puncturing method via node grouping and sorting
for non-binary LDPC codes in [15]. We also compare it with some symbolwise puncturing and random
puncturing methods for non-binary LDPC codes.

We present two examples. In the first simulation example, we choose the(2, dc) non-binary LDPC codes
over GF (64) of code rate 1/2 as mother code [14]. The code length is 288 bits. Punctured codes with
code rate 2/3 using different puncturing methods are designed. We investigate five puncturing methods
including symbolwise and bitwise method listed as follows:

1) Symbolwise random puncturing.
2) Symbolwise puncturing via node grouping and sorting.
3) Bitwise random puncturing.
4) Bitwise puncturing via node grouping and sorting [15].
5) Proposed systematic bitwise puncturing.
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Figure 6. BER Performance comparison of different puncturing methods using the(2, 4) non-binary LDPC codes overGF (64) of code
length 288 bits as mother code. The punctured code rate is 2/3 and the codelength is 216 bits.

In Fig. 6, it is observed that bitwise puncturing methods usually surpass the symbolwise methods if the
puncturing is performed either randomly or via node grouping and sorting. Moreover, it is also observed
that the proposed systematic method achieves the best performance among all these methods.

In the second simulation example, only bitwise puncturing methods are compared and two punctured
code rates are included. We also use the(2, dc) non-binary LDPC codes overGF (64) of code rate 1/2
as mother code [14]. The code length is 576 bits and information bit number is 288. The two punctured
code rates are 2/3 and 3/4. If more code rates lower than 3/4 are needed, we just need to decrease the
number of the punctured bits in some punctured symbols. Thiscan be done in a straightforward way. In
all these code rates, the information bit numbers are all 288, which is constant. It is quite suitable for
type-II redundancy incremental HARQ.

The BER and FER performance are presented in Fig. 7 and Fig. 8. It can be observed that for the
code rate of 3/4, the systematic puncturing method achievedthe best performance compared with the
random bitwise puncturing and bitwise puncturing via node grouping and sorting [15]. For the code rate
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Figure 7. BER Performance of rate-compatible code design schemes based on the(2, 4) non-binary LDPC code with code rate of 1/2 and
code length of 576 bits. The two punctured higher code rates are 2/3 and 3/4.

of 2/3, the improvement is narrowed and the systematic puncturing has almost identical or a little better
performance compared with bitwise puncturing via node grouping and sorting. The two methods both
surpass the random bitwise puncturing.
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Figure 8. FER Performance of rate-compatible code design schemes based on the(2, 4) non-binary LDPC code with code rate of 1/2 and
code length of 576 bits. The two punctured higher code rates are 2/3 and 3/4.

Therefore, we conclude that the systematic puncturing developped in the DAVINCI project and presented
in this deliverable is a very promising scheme for the rate-compatible codecs with(2, dc) non-binary LDPC
codes as mother codes.

However, this partial conclusion is based on the assuption that the communication system can deal
easily with punctured bits or group of bits, which is not necessarily the case.

• In transmission modes which use only QPSK, the proposed approach does not suffer from any
drawback and we advice the use of the proposed bitwise puncturing strategy (cf. section V).
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• When a larger constellation is employed, likeM−QAM with M > 4, the bitwise puncturing renders
the demapping process cumbersome. This is also the case whenbit allocation for efficient spectrum
occupation is used, and several different orders ofM−QAM span the same codeword. In this case,
it is more desirable to stick with a rate-compatible scheme atthe symbol level, which is more
convenient to implement in the mapping/demapping process.Symbolwise puncturing could show
noticeable performance degradation if not combined with a specific code design method. In the next
section, we propose a new joint design of the Tanner graph of the code and the puncturing pattern
which limits the performance loss due to the symbolwise puncturing.
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VII. PROTOGRAPHBASED APPROACH: JOINT DESIGN OFCODE STRUCTURE AND SYMBOLWISE

PUNCTURING

In this section, we propose a joint strategy of optimizationfor the puncturing pattern and the code
design, in order to ensure good error correcting performance, while using a symbolwise puncturing. By
doing so, we will adpat the code design proposed in the DAVINCIproject and presented in deliverable
D4.5 so that the puncturing strategy will be trivial to implement, which is a desirable property for the
overall system. For more information about protograph basedLDPC codes and the optimization of the
design, please refer to deliverable D4.5.

The base matrix for the design of the punctured pattern is a rate R = 0.5 code with dimensionMm = 6
andNm = 12, and is depicted on figure 9. This protograph is especially interesting for our needs since
it has the following properties:

• The first two blocs have a structure similar to repeat-accumulate codes, which make it easy to encode,
in linear time, with minimum extra hardware complexity (cf.deliverable D4.5),

• One can puncture either Bloc-3 of Bloc-4 with the property thatthe unpunctured symbols haveall
the 1-SR property. This ensures that a simple puncturing strategy will give good error correcting
results for all rate in the range

[

1

2
, 2

3

]

.
• The base matrix has maximum girthg = 6. We have choosen the location of the nonzero entries

in the matrix such that the number of 6-cycles is minimized. This allows to reach maximum girth
Tanner graph after the lifting operation (cf. deliverable D4.5).
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Figure 9. Simplest Protograph for NB-LDPC rate-compatible code design.

As a result, the proposed protograph allows to have a trivialpuncturing pattern. The symbols to be
punctured are sorted from the last column of the lifted matrix in a decreasing order, as shown on figure
10. The specific code design ensures that this trivial puncturing pattern is optimal in terms of 1-SR symbol
recovery, up to the rateR = 2

3
.

The only expected drawback of this structure is that when oneto puncture more than 1/4th of the
codeword to reach rates greater thanR = 2

3
, the 1-SR property of remaining symbols is not ensured

anymore and then performance degradation compared to the optimal puncturing patterns is expected. We
although think that the most important modes of 4G transmissions will use rates mostly in the range
[

1

2
, 2

3

]

, and the extreme simplicity of the scheme presented in this section fully justifies the approach. In
the next section, we compare the performance of this simple puncturing scheme with the optimal bitwise
puncturing presented in section V.



18

0

0

0

0

0

0

0

0

0 0 0

0

00

0

0

0

0 0

0

0 0

0

0

0 0

0 0

00

1

1

1 1

1

1

1

1

1

1

1

1

1

1 1

1 1

1

1

1 1

1 1

1

0 0

00

0 0

0

0

0

0

0

0

00

0 0

0 0

Increasing Rate from R=1/2 mother code

Increasing Symbol Puncturing
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VIII. P ERFORMANCERESULTS OF THEPROPOSEDSYMBOLWISE PUNCTURING PATTERNS

We have made extensive simulations in order to compare the performance of the different schemes
proposed in this deliverable, based on a mother matrix whichhas been designed with the hardware
constraints necessary for practical implementation (cf. deliverable D4.5).

The simulations are presented in figure 11. For the ratesR = 0.545, R = 0.666, R = 0.75 and
R = 0.833, the optimal bitwise puncturing has been implemented and compared with the simplified
symbolwise puncturing presented in the last section. For each caseR = 0.666, R = 0.75 andR = 0.833,
we have indicated the performance of a non-binary LDPC code which has been optimized for the specific
rate, thereby denotedstand alone optimized code. The gap between the performance of the rate-compatible
scheme and the performance of the stand alone optimized codetherefore quantify the optimality of the
puncturing mode and pattern. The mother code used for the rate-compatible scheme is a rateR = 1

2

DAVINCI code in GF(64), and with codeword lengthNs = 480 symbols (Nb = 2880 bits). This mother
code has been optimized, as well as the stand alone codes, with the advanced DAVINCI techniques
presented in deliverable D4.5.

The decoder parameters are the following. Since the DAVINCI demonstrator is not yet adapted to
punctured coding schemes, we have made the simulations using the non-binary Belief Propagation decoder
based on multi-dimensionnal FFT presented in details in [19]. The maximum number of decoding iterations
is set to 100, and we use a stopping criterion based on the syndrome verification.

First, we verify that the bitwise puncturing patterns are inall cases very close to the performance of
the stand alone optimized codes, which was expected from thepartial results presented in section V. The
maximum performance degradation observed for the bitwise puncturing scheme is for the highest rate
R = 0.833, and the performance degradation is less than0.1dB in the waterfall region. Note also that
since the mother code has rateR = 1/2, the number of punctured bits to go fromR = 1/2 to R = 0.833
is relatively large, and this slight performance degradation is more than acceptable.

As for the symbolwise puncturing scheme, we can observe a performance loss compared to the bitwise
puncturing scheme and the stand alone optimized codes. Obviously, this was expected since the proposed
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Figure 11. Frame error rate performance of non-binary rate compatible schemes proposed in the DAVINCI project.

symbolwise puncturing scheme from the protograph approachis quite simplistic. However, if we look
at the performance degradation at a FER=10−2, the gap is only of0.2dB for the ratesR = 0.545 and
R = 0.833, and0.3dB for the rateR = 0.75. In regard with the simplicity of implementing symbolwise
puncturing compared to bitwise puncturing, this performance loss is rather small, and we expect that it
will not have any impact on link-adaptation strategies.

Finally, we can note that the symbolwise puncturing scheme is optimal for the rateR = 2/3, which
was predicted by the discussion in section VII. Actually, the joint design of the code and the puncturing
pattern is specifically adapted to this rate. First, we can comment that this is a good sign that symbolwise
puncturing is sufficient for getting good decoding performance. Secondly, we believe that there exist
other protograph structures, which combined with a proper puncturing pattern would be closer to bitwise
puncturing for other rates. We will continue until the end ofthe project to look for more general structures
of rate compatible coding schemes.
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IX. CONCLUSION

In this deliverable, we have proposed various puncturing schemes for(2, dc) non-binary LDPC codes
over GF (2p) to achieve rate-compatible codes. First, we focused on optimal bitwise puncturing based
on finite length criteria using the concept ofsymbol recovery. We have shown the superiority of the
proposed systematic scheme in complexity and performance compared to published alternative solutions.
However, the bitwise puncturing poses the problem of mapping and demapping when higher-order QAM
are employed. To circumvent this problem and allow a simple demapping algorithm, we proposed a sub-
optimal design of symbolwise puncturing, which is also basedon symbol recovery criterion, which is
jointly designed with the Tanner graph structure of the mother code. We have shown that although sub-
optimal, the simple symbolwise puncturing scheme should besufficient to have no impact on the global
throughput obtained with the proposed H-ARQ techniques at the link adaptation level.

Several remaining issues could be investigated in the future, some of them within the DAVINCI project:
1) explore the possibility to use more than a single mother code, i.e.km ∈ {2, 3} mother codes, and

optimize the structure of thekm mother codes to disjoint rate ranges.
2) consider shortening/pruning strategies as well as puncturing strategies. Shortening reduces the rate

of the transmission while puncturing increases the rate. The issue behind using shortening is that
it is not possible anymore to have constant information blocklength with rate adaptation, which is
not desirable for many transmission schemes.

3) design other types of protographs which are closer to the optimal performance for rates different
thanR = 2/3 with symbolwise puncturing.
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