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Executive Summary 

This deliverable presents the principles of adaptive coding and modulation, with and without 

retransmissions, for the non-binary LDPC codes defined in the DAVINCI project, in the following called 

DaVinci codes. Tables of modulation and coding schemes for the flat-fading channel have been defined, 

such that either the packet length or the size of the transmission unit is constant. The derivation of these 

tables is based on extensive simulation results, which are summarized in the appendix and is also 

applicable to single-carrier modulation over frequency-selective channels by using an effective SNR 

metric. 

For OFDM with frequency-selective adaptation, two algorithms are presented which achieve close-to-

optimum performance at very low computational complexity. The key element of these algorithms is the 

description of the coding performance by the mutual information per coded symbol or the accumulated 

mutual information. The latter metric is also applicable to H-ARQ, and especially for settings in which 

the transmitter disposes of very limited channel knowledge, which is the case in mobile wireless 

communications. Simulation results show that H-ARQ is essential for imperfect channel state information 

and that it can provide high throughput without increasing the error rate. 

This report focuses on the principles of adaptation with retransmissions, rather than on performance 

evaluation. It serves as an input to WP2, where detailed performance evaluation for IMT-Advanced 

candidates is carried out. 
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List of Acronyms and Abbreviations  

ACM adaptive coding and modulation 

ACMI  accumulated mutual information 

ARQ automatic repeat request 

BICM bit-interleaved coded modulation 

GF Galois field 

H-ARQ hybrid automatic repeat request 

MCS modulation and coding scheme 

MI  mutual information 

RTU retransmission unit 

WER word error rate 

 

 

 

 

Mathematical Symbols and Notation  

qF  Galois field of order q , equivalent to the notation GF(q) 

K message length in GF(q) symbols 

bin ldK K q  message length in bits 

2ld logx x base-2 logarithm (ñlogarithmus dualisò) 

N codeword length in GF(q) symbols 

q order of the Galois field, here 64q  

1R  number of bits per QAM symbol, ñmodulation rateò 

2R  code rate of the non-binary LDPC code 

 throughput, in [bits per channel use] 

 delay, in [number of retransmissions] 
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1. Introduction  

This report presents schemes and principles for adaptive coding and modulation (ACM) combined with 

H-ARQ for the non-binary LDPC codes developed in WP4 of the DAVINCI project. First, tables of 

modulation and coding schemes (MCS) are defined which relate a range of SNR values to an MCS, 

which is defined by a modulation and a code rate. These tables have been defined for the case that the 

message (packet) length is constant and also for the case that the number of QAM symbols is constant. 

For both cases, the tables have been derived based on simulations of a symbol-interleaved coded 

modulation system over the AWGN channel, but they may be applied to other channels (e.g. frequency-

selective) by using an effective SNR metric. 

For multi-carrier systems with frequency-selective adaptation, also known as bit-loading, a simple look-

up table with a set of MCS cannot be applied since within one codeword different modulations may be 

applied. In Section 3, two algorithms for this case are presented and results are shown for the DaVinci 

codes. This adaptive algorithm can be applied in a very similar manner to H-ARQ, which is outlined in 

Section 4. 

The objective of this report is to outline the basic principles of ACM and H-ARQ in order to facilitate 

their incorporation into link and system level simulators of the reference IMT-Advanced schemes in 

WP2. Therefore, this document is concise and focuses on the basic principles. No specific system details 

for e.g. WiMAX or LTE are considered here in order to present the schemes in their most generic form. 

Detailed performance evaluations for these systems are foreseen in WP2 in D2.2.3. 

In this report, we consider, apart from the basic AWGN channel, the flat block fading and the frequency-

selective channel, both with Rayleigh fading. For the frequency-selective channel, we employ OFDM to 

decompose it into a set of parallel subchannels. Other solutions may exploit the frequency-diversity in 

other ways, including in the retransmissions, see e.g. [APF09a, APF09b]. A detailed analysis of the 

performance of H-ARQ can be found in [Che06]. On the other hand, some promising results on the 

combination of non-binary LDPC codes with network coding have been obtained in [CIP10]. 
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2. Modulation and Coding for Frequency-Flat Channels 

This section establishes the basic system model and the notation used in the rest of the document. The 

described techniques are straightforward and serve as basis for the more advanced schemes in Sections 3 

and 4. 

2.1 System Model 

The simplest system model for combining non-binary channel coding with QAM is depicted in Figure 2.1 

and is valid for the AWGN and the flat fading channel. In this report, we apply the non-binary LDPC 

codes from WP4 [D4.1] and the decoder developed in WP6 [D6.1.2]. These codes are defined over 

GF(64), i.e. each code symbol corresponds to 6 bits, and 64q . 

In the transmitter, the message 0 1 1( , , , ) K

K qu u uu F  of length K  symbols mapped to a codeword 

0 1 1( , , , ) N

N qc c cc F , which is subsequently interleaved symbol-wise and then mapped to QAM 

symbols. In the following, we apply 12
R -QAM with 

1 {1,2,4,6}R , i.e. BPSK, QPSK, 16-QAM and 64-

QAM.  

channel
encoder ·

u c b x soft
demapper

h

w

y channel
decoder

L û

 

Figure 2.1: Block diagram of transmission system with DaVinci codes and QAM. 

In this chapter, we consider adaptive coding and modulation (ACM) for a frequency-flat channel: 

 n n n ny h x w  (2.1) 

where 0(0, )nw NCN  is circularly symmetric complex-valued Gaussian noise and nh  is the fading 

coefficient. For the AWGN channel, we have 1nh , while for the Rayleigh fading channel 

(0,1)nh CN . We assume block-fading, in which the fading coefficient nh  is constant during one 

codeword and i.i.d. for the next codeword. 

The DaVinci codes, which have been considered for this report, have word lengths ranging from 48 to 

480 symbols, equivalent to 288 to 2880 bits and four code rates from 1/ 2 to 5/6. The list of DaVinci 

codes, which have been optimized for a given length and code rate, is given in Table 2.1. This list 

comprises 72 channel codes, which when combined with the above mentioned modulations results in 288 

possible modulation and coding schemes (MCS). 

Table 2.1: Word lengths, code rates and message lengths of all 72 available 64-ary LDPC codes. 

N R2 K 

48 { 1/2, 2/3}  24 32   

72 {1/2, 2/3, 3/4} 36 48 54  

96 {1/2, 2/3, 3/4, 5/6} 48 64 72 80 

120 {1/2, 2/3, 3/4, 5/6} 60 80 90 100 

144 {1/2, 2/3, 3/4, 5/6} 72 96 108 120 

168 {1/2, 2/3, 3/4, 5/6} 84 112 126 140 

192 {1/2, 2/3, 3/4, 5/6} 96 128 144 160 

216 {1/2, 2/3, 3/4, 5/6} 108 144 162 180 

240 {1/2, 2/3, 3/4, 5/6} 120 160 180 200 

264 {1/2, 2/3, 3/4, 5/6} 132 176 198 220 
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288 {1/2, 2/3, 3/4, 5/6} 144 192 216 240 

312 {1/2, 2/3, 5/6} 156 208  260 

336 {1/2, 2/3, 3/4, 5/6} 168 224 252 280 

360 {1/2, 2/3, 3/4, 5/6} 180 240 270 300 

384 {1/2, 2/3, 3/4, 5/6} 192 256 288 320 

408 {1/2, 2/3, 3/4, 5/6} 204 272 306 340 

432 {1/2, 2/3, 3/4, 5/6} 216 288 324 360 

456 {1/2, 2/3, 3/4, 5/6} 228 304 342 380 

480 {1/2, 2/3, 3/4, 5/6} 240 320 360 400 

 

2.2 Modulation and Coding Schemes 

For ACM, we may adapt both the code rate 
2R K N  as well as the modulation ñrateò 

1R . For the 

number of code symbols N  and the number of QAM symbols per codeword qN  holds 

 bin

q

2 1 1 2 1 2

ld ld
,

KK N q K q
N N

R R R R R R
 (2.2) 

The transmission rate in bits per channel use is 
1 2R R , which is equivalent to the spectral efficiency 

measured in bit/s/Hz when neglecting all other effects like guard intervals, filter roll-offs, pilot symbols 

etc. 

There are two basic possibilities for selecting a set of MCS for adaptation: 

1. Constant size of transmission unit: all MCS have the same number of QAM symbols qN  

2. Constant packet size: all MCS have the same message length binK  

It depends on the system design and on the applications which possibility is the preferred one. For both 

approaches, we can define a set of modulation and coding schemes, as specified in the following. 

 

2.2.1 Constant size of (re)transmission unit 

For a constant size of the transmission unit, and also for the retransmission unit (RTU) in case of H-ARQ, 

we consider all combinations of the channel codes given in Table 2.1 with the four considered 

modulations. Since 64q , we have ld 6q  and hence the number of QAM symbols per codeword is 

 bin

q

1 1 1

ld 6N N q N
N

R R R
 (2.3) 

This leads to the values in Table 2.2, from which we observe that the only RTU sizes, which allow for all 

four code rates, are q 288N  and q 432N  QAM symbols. 

Table 2.2: RTU sizes for all word lengths N and modulation rates R1 

R1 \ N 48 72 96 120 144 168 192 216 240 264 288 312 336 360 384 408 432 456 480 

1 288 432 576 720 864 1008 1152 1296 1440 1584 1728 1872 2016 2160 2304 2448 2592 2736 2880 

2 144 216 288 360 432 504 576 648 720 792 864 936 1008 1080 1152 1224 1296 1368 1440 

4 72 108 144 180 216 252 288 324 360 396 432 468 504 540 576 612 648 684 720 

6 48 72 96 120 144 168 192 216 240 264 288 312 336 360 384 408 432 456 480 
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For these RTU sizes and a target word error probability of 0.01, we obtain the SNR thresholds in Table 

2.3. These values have been found from simulation results over the AWGN channel and have been from 

all possible combinations such that for increasing SNR the rate also increases. 

Table 2.3 contains all 13 MCS, which fulfil  these conditions. For practical purposes, this number might 

be too high, because it requires 4 bits in the feedback channel to identify the MCS. Depending on the 

expected SNR range of the system, a subset of these MCS can be selected in order to decrease the 

feedback load. 

Table 2.3: MCS and SNR thresholds (in dB) for Pw < 0.01 and two RTU lengths 

Rates 
R1 1 1 2 2 2 2 4 4 4 4 6 6 6 

R2 1/2 2/3 1/2 2/3 3/4 5/6 1/2 2/3 3/4 5/6 2/3 3/4 5/6 

SNR 

thresholds 

in [dB] 

Nq = 288 -0.8 1.2 1.9 3.9 4.9 6.1 6.9 9.5 10.8 12.1 14.4 16 17.6 

Nq = 432 -1 1 1.7 3.8 4.8 5.9 6.8 9.4 10.6 12 14.3 15.8 17.4 

 

This relation between SNR and rate is illustrated in Figure 2.2 for the AWGN channel. Naturally, the 

longer RTU size leads to slightly higher rates.  
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Figure 2.2 Rates and SNR thresholds for modulation and coding schemes of Table 2.3 

2.2.2 Constant message length 

While we might choose the MCS to occupy a constant number of QAM symbols, in other settings it also 

makes sense to fix the packet length, i.e. the number of information bits. 

From Table 2.1, we find three message lengths K, for which three code rates are available: 

Table 2.4 Channel codes for a constant message length. 

Message length K Available code rates R2 

144 {1/2, 2/3, 5/6} 

180 {1/2, 3/4, 5/6} 

240 {1/2, 2/3, 3/4} 
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There is no message length for which all four code rates are available, although this is no principal 

limitation of the DaVinci codes. A selection of MCS such that 
w 0.01P  leads to the following sets: 

 

Table 2.5 MCS for K = 144 

R1 1 1 2 2 2 4 4 4 6 6 

R2 1/2 2/3 1/2 2/3 3/4 1/2 2/3 3/4 2/3 3/4 

SNR -1.5 0.6 1.5 3.6 4.6 6.8 9.5 10.8 14.5 16.1 

 

Table 2.6 MCS for K = 180 

R1 1 2 2 2 4 4 4 6 6 

R2 1/2 1/2 3/4 5/6 1/2 3/4 5/6 3/4 5/6 

SNR -1.6 1.4 4.6 5.8 6.7 10.7 12.1 16 17.6 

 

Table 2.7 MCS for K = 240 

R1 1 1 2 2 2 4 4 6 4 6 6 

R2 1/2 2/3 1/2 2/3 5/6 1/2 2/3 1/2 5/6 2/3 5/6 

SNR -1.6 0.4 1.4 3.4 5.7 6.6 9.3 10.9 12 14.4 17.6 

 

The rate as a function of the SNR for the AWGN channel is depicted in Figure 2.3 for the three message 

lengths. 
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Figure 2.3 Rates and SNR thresholds for modulation and coding schemes with constant message length 
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2.3 Modulation and Coding Schemes with Punctured Codes 

For MCS with a constant packet (i.e. message) length, another viable option is to use punctured codes. 

While using optimized codes for each word length obviously leads to best results, for issues of 

complexity it is often preferable to derive a set of codes rates by puncturing of a mother code. Also, for 

H-ARQ with incremental redundancy, rate-compatible puncturing is required. 

The parity-check matrices of the rate 1/2 DaVinci codes in Table 2.1 have been designed such that 

puncturing is particularly simple: we encode a message 
K

qu F  with a rate 1/2 code and obtain a 

codeword 
2K

qc F , from which we select the first N  symbols to obtain a rate K N  code. This set of 

punctured codes is by design rate-compatible and contains up to K  code rates since 

{ , 1, ,2 1}N K K K . Naturally, this fine granularity is not required and therefore we restrict 

ourselves to the following word lengths: 

 480 12 , for 1,2, ,19N p p  (2.4) 

The value 0p  corresponds to the mother code, while 20p  relates to uncoded transmission. 

With punctured codes, the obvious question is: how good is a punctured code compared to a code which 

has been optimized for a certain length. With codes punctured from the rate 1/2 codes, fair comparisons 

are possible for the word lengths and rate listed in Table 2.8. 

Table 2.8: Codes, for which a fair comparison between optimized and punctured codes is possible 

N 96 120 144 192 216 240 288 360 384 432 480 

R2 2/3 5/6 3/4 2/3 3/4 5/6 2/3, 3/4 3/4, 5/6 2/3 3/4 2/3, 5/6 

 

In the following, we focus on the ( 480N , 240K ) mother code and on symbol-wise puncturing. 

Although bit-wise puncturing is in principle superior to symbol-wise puncturing, we do not apply this 

approach in the following because it would lead to a significantly higher complexity of the soft 

demapping process. 

Figure 2.4 compares the WER obtained from two punctured codes to the stand-alone codes. For the rate 

2/3, we hardly observe any degradation due to puncturing while for the rate 5/6 there is significant 

difference. The main advantage of puncturing is, however, is flexibility to obtain virtually any code rate 

between 1/2 and 1 and its suitability for H-ARQ. 
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Figure 2.4 Word error rate curves for a punctured code in comparison with the optimized code for K = 240 

message symbols, 64-QAM and rates 2/3 and 5/6. The punctured code is derived from the optimized rate 
1/2 mother code by symbol-wise puncturing. 
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With the code rates according to (2.4), the MCS of Table 2.9 are obtained. As before, for application in a 

practical scheme, a subset of these MCS which finds a compromise between feedback load and 

throughput in the forward link, can be obtained. 

 

Table 2.9: MCS with punctured codes for K = 240 for a target WER of Pw < 0.01. 

index R1 p SNR [dB] index R1 p SNR [dB] 

1 1 0 -1.68 32 4 1 6.8 

2 1 1 -1.48 33 4 2 7.04 

3 1 2 -1.28 34 4 3 7.33 

4 1 3 -1.09 35 4 4 7.57 

5 1 4 -0.88 36 4 5 7.85 

6 1 5 -0.65 37 4 6 8.15 

7 1 6 -0.44 38 4 7 8.4 

8 1 7 -0.23 39 4 8 8.75 

9 1 8 -0.01 40 4 9 9.04 

10 1 9 0.25 41 4 10 9.33 

11 1 10 0.46 42 4 11 9.77 

12 1 11 0.84 43 4 12 10.23 

13 1 12 1.21 44 4 13 10.63 

14 2 0 1.33 45 6 0 10.83 

15 2 1 1.53 46 6 1 11.12 

16 2 2 1.73 47 6 2 11.39 

17 2 3 1.92 48 6 3 11.75 

18 2 4 2.13 49 6 4 12.04 

19 2 5 2.36 50 6 5 12.38 

20 2 6 2.57 51 6 6 12.77 

21 2 7 2.78 52 6 7 13.16 

22 2 8 3 53 6 8 13.56 

23 2 9 3.26 54 6 9 13.96 

24 2 10 3.47 55 6 10 14.33 

25 2 11 3.85 56 6 11 14.8 

26 2 12 4.22 57 6 12 15.39 

27 2 13 4.56 58 6 13 15.92 

28 2 14 5.1 59 6 14 16.57 

29 2 15 5.71 60 6 15 17.44 

30 2 16 6 61 6 16 17.94 

31 4 0 6.58 62 6 17 18.78 

 

Figure 2.5 shows the rates as a function of the SNR thresholds. The four modulations are clearly 

distinguishable. 
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Figure 2.5: Rates and SNR thresholds for MCS with message length K = 240 and codes punctured from 

the 1/2 rate mother code. 

 

2.4 Simulation Results 

 

2.4.1 Throughput with ACM over flat fading channel 

Figure 2.6 and Figure 2.7 show the rate and WER with ACM over a block fading channel for the MCS of 

Table 2.7, i.e. the message length is fixed to 240K  symbols. The fading coefficient h  is constant 

during one codeword and is complex normal distributed with zero mean and unit variance (Rayleigh 

fading). 

The rate in Figure 2.6 saturates at 5 bits per channel use, corresponding to the highest rate of the MCS, 

while the WER is always below the target of 0.01. 
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Figure 2.6: Obtained rate with ACM over a block Rayleigh fading channel 
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Figure 2.7: Word error rate for ACM over a block Rayleigh fading channel 
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3. Modulation and Coding for Frequency-Selective Channels 

In this chapter, we describe the adaptation of modulation and code rate for frequency-selective channels. 

In this case, adaptation cannot be based on a simple set of MCS as in the previous chapter because within 

one codeword different modulations may be applied. 

3.1 Description of coding performance with mutual information  

It has been observed in various contexts that the performance of a channel code can be characterized 

approximately by the mutual information of the channel between the encoder output and the decoder 

input, with little dependence on the type of channel (e.g. AWGN, fading) and the modulation schemes. In 

the EXIT chart [Bri00], the mutual information was also applied to characterize the decoding behaviour 

of iteratively decodable codes. Later, it lead to the design of very efficient and simple bit-loading 

algorithms for coded modulations, namely the MI-ACM developed during the WINNER project by 

Stiglmayr [SBC07]. Similar ideas have been developed independently by Li and Ryan, also in the context 

of LDPC codes [LR07]. 

This idea can be applied to non-binary LDPC codes as well. As a measure, we use the mutual information 

per coded symbol, which is even simpler to compute than the mutual information per bit. If we denote the 

set of constellation points by X , the capacity of an AWGN channel with transmit symbols taken 

equiprobably out of X  is given by [Ung82, WFH99] 

 
1 1

2 2

1

0

1 | | | |
( ) ld ld exp

2
R R w

x z

w x z w
C R

NX X

E , (3.1) 

with 0(0, )w NCN  denoting the complex-valued Gaussian noise. The SNR is defined in the usual way 

as 

 

1 2

2

S

2

0 0

2 | |
[| | ]

[| | ]

R

x

x
E x

N Nw

XE

E
 (3.2) 

There is no closed-form expression for this capacity, but it can be computed numerically by generating a 

long sequence of normal distributed samples w and taking the average according to (3.1). 

Since a code symbol in GF(64) corresponds to 6 bits, the mutual information per coded symbol is 

 1

c

1

6 ( )
( )

RC
I

R
 (3.3) 

We can hence plot the WER curves over the mutual information 
cI  instead of over the SNR and obtain 

the curves in , Figure 3.1 to Figure 3.3. As can be observed, the word error curves hardly depend on the 

applied modulation. For the fast Rayleigh fading channel, very similar results have been obtained and it is 

expected that for a wide variety of channel models, the resulting error rate curves over the mutual 

information coincide to a great extent. 
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Figure 3.1: Word error rate as a function of the mutual information per coded symbol. 
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Figure 3.2: Word error rate as a function of the mutual information per coded symbol. 
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Figure 3.3: Word error rate as a function of the mutual information per coded symbol. 
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3.2 Efficient bit -loading based on mutual information 

The preferred way to deal with multi-path channels is to apply OFDM, which converts the frequency-

selective channel into a set of parallel, flat fading channels and hence simplifies the equalization at the 

receiver significantly and moreover allows for frequency-selective adaptation. Figure 3.4 shows the block 

diagram of an OFDM-based transmitter with ACM. We assume that M subchannels, which may be part of 

an OFDMA system with multiple users, are allocated to the link under consideration. Each subchannel 

corresponds to a group of subcarriers in frequency and a number of OFDM symbols in time, and is also 

denoted as chunk. In the following, we assume that the number of QAM symbols per chunk is a multiple 

of ld 6q , such that for all modulations with 
1 {1,2,4,6}R  an integer number of code symbols 

corresponds to one chunk. 

One common code is applied to all M  subchannels, whereas the modulation is adapted per subchannel. 

This approach turned out to be superior to subchannel-wise coding [Pfl05] because of the increased word 

length and the associated coding gain. 

 

Figure 3.4: OFDM transmitter with adaptive bit-loading 

The problem of bit and power loading for uncoded QAM has been addressed widely in the open literature 

and numerous algorithms ï optimum under a certain criterion or suboptimum but with low complexity ï 

have been invented, e.g. [HH87, FDB02]. The extension of these algorithms to coded modulation is not 

straightforward since one codeword is combined with different modulations and the uncoded bit error rate 

is a poor surrogate for the more relevant packet error rate. 

For bit-loading with coded QAM, during the WINNER project a very efficient algorithm has been found 

by Stiglmayr [SBC07]. This algorithm exploits the above mentioned observation that the error rate after 

decoding can be derived from the mutual information of the code symbols and additionally it does not 

apply power-loading. Although the optimum solution in terms of channel capacity suggests to use power-

loading in the form of water-filling [ Ga68, LTV05], it was also found that the gain compared to constant 

power is rather moderate, even in terms of channel capacity [YC02]. 

Stiglmayrôs MI-ACM (mutual information adaptive coding and modulation) algorithm is well-explained 

in literature [SBC07, PPS07 ,Pia08] and therefore the details and its derivation are not repeated here. 

While invented with binary LDPC codes in mind, its adaptation to non-binary LDPC codes (or to turbo 

codes) is straightforward:  

Figure 3.5 depicts the relationship between the rate 1 2R R  and the SNR over the AWGN channel and for a 

target word error probability of w 0.01P  for the codes punctured from the (480,240) DaVinci code. 

The code rates are given by 2
K

N
R  with the word length N  according to (2.4) and 240K . From this 

diagram, we find the modulation rate nb  applied on each subchannel. Based on the same diagram, which 

might be implemented as a look-up table, the algorithm assigns a virtual code rate nr  per subchannel. In 

the final step, the overall code rate is found by a simple weighted sum: 
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Figure 3.5:  Rates and required SNR for MCS with K = 240 and a target WER of 0.01. 

The achieved rate with this algorithm is shown in Figure 3.6 in comparison to the binary, quasi-cyclic 

LDPC code applied in WINNER project [DMO09], while Figure 3.7 depicts the obtained word error 

rates. It is worth to point out how strikingly close the simulated WER approaches the target WER of 0.01, 

while never exceeding it (the simulated points close to the target WER correspond to more than 1000 

word errors). This means on the one hand that the description with the mutual information per code 

symbol is accurate while on the other hand it confirms that the algorithm achieves the maximum rate for a 

given channel code since any higher rate would bring about a higher WER. 

For these simulations, we assumed a chunk size of 96 QAM symbols, for which the channel is constant, 

while in each slot, there are 512 chunks, all of i.i.d. Rayleigh fading. Therefore, each slot holds 96 512 

QAM symbols, which is enough to allocate several codewords even for low SNR. If one subchannel has 

SNR lower than 1.7dB, it is excluded from transmission. Since in each slot, an integer number of 

codewords is transmitted, there are some unused QAM symbols. To exclude these side effects, for the rate 

calculation that led to Figure 3.6, these symbols were not counted as channel uses. 

For practical systems, the remaining symbols can be used by reducing the code rate and thus achieving a 

more robust system. 
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Figure 3.6:  Achieved rate with MI-ACM algorithm 
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Figure 3.7:  Word error rates for MI-ACM algorithm 

3.3 Cross-layer oriented bit-loading 

The MI-ACM provides an excellent solution for bit-loading combined with FEC, provided perfect CSI is 

available at the transmitter and the codewords are short enough to fit entirely into one slot. The 

calculation of the code rate is valid for one slot and interleaving is applied over the whole slot (though 

little performance reduction is expected when removing the interleaver). For situations where the 

codeword length is in the order or even greater than the available coded bits per slot, the MI-ACM cannot 

be applied in its original form. In this case, a suitable variation is the ACMI algorithm, which is based on 

the same principles and is described in detail in [PN10b, PN09]. This algorithm allows to start 

transmission of a codeword before its code rate is known, which allows to transmit a codeword in various 

slots of non-uniform size. Additionally, it can be combined seamlessly with H-ARQ, which makes it 

especially relevant in the context of this task and for the practical relevant situation of imperfect CSI at 

the transmitter side. 

While the details and main features of the ACMI algorithm are described in [PN10b], in the following we 

discuss its application to the DaVinci codes. 

Figure 3.10 shows the required mutual information per code symbol cI  to achieve a word error 

probability of less than 0.01 for a given code rate 2R  for three modulations (here, BPSK is equivalent to 

QPSK). This figure can be seen as another version of Figure 3.5, in which the SNR axis has been mapped 

to mutual information applying (3.1) and (3.3). Since QPSK represents the ñworst caseò of these 

modulations, in the following we consider these values in order to ensure the fulfilment of the error rate 

constraint. From the diagram, we can see that the minimum required mutual information per code symbol 

is 

 c,min 3.54I  (3.5) 
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Figure 3.8: Code rates and required mutual information to achieve a WER of 0.01. 

We can thus fix the thresholds for the modulations such that we select the highest modulation rate for 

which c,minI  is reached. This is particularly simple for non-binary codes with a field order equal or 

superior to the highest modulation since we can apply the symmetric capacity of coded modulation. For 

this case, as opposed to the BICM, the capacity strictly increases with the modulation rate for all SNR 

values. These capacity curves are depicted in Figure 3.9 and the resulting SNR thresholds are given in 

Table 3.1. 
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Figure 3.9: Capacities of the input-constrained AWGN channel. The triangular marker represent the point, 
at which the minimum MI is reached, and hence the switching points for the modulations. 
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Table 3.1 Modulation thresholds 

R1 1 2 4 6 

SNR -1.6 dB 1.4 dB 6.7 dB 11 dB 

 

For the adaptation of the code rate, it is convenient to convert the relationship between 
cI  and 

2R  from 

Figure 3.10 into the accumulated mutual information per codeword 
wI  as a function of the word length 

N , as shown in Figure 3.8. To simplify the algorithm, it is sufficient to consider only those values for 

which this function is monotonically increasing. This is easily accomplished by taking the convex hull of 

the simulated values. 
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Figure 3.10: Accumulated mutual information as a function of the codeword length 

 

The achieved rate and the obtained WER from simulations are shown in Figure 3.9 and Figure 3.11, 

respectively. The results are very similar to the MI-ACM algorithm, which is not surprising since both are 

based on the same principles. The higher rate of the ACMI algorithm at high SNR is not a principle 

benefit but is due to the maximum code rate adopted in the MI-ACM algorithm. The main benefit of the 

ACMI algorithm is its straightforward integration with H-ARQ protocols. 
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Figure 3.11: Achieved rate with the ACMI algorithm, in comparison to Stiglmayrôs MI-ACM algorithm 
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Figure 3.12: Word error rates of the ACMI and the MI-ACM algorithm 
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4. Link Layer Aspects of H-ARQ 

In this section, we consider the link-layer aspects of hybrid ARQ, i.e. we focus on the interaction of the 

retransmission scheme with the FEC rather than on the protocol aspects like stop-and-wait, selective 

repeat, etc. Since our baseline system already includes strong channel coding, we do not consider pure 

ARQ nor H-ARQ which discards received packets which could not be decoded successfully. 

For the first transmission, the transmitter adapts modulation and code rate based on its imperfect 

knowledge of the channel coefficient h  which determines the instantaneous SNR. After decoding, the 

receiver checks if the transmission has been successful. If not, it requests a retransmission by sending a 

NACK message to the transmitter, which responds with a retransmission of a number of symbols of the 

same codeword. After each retransmission, the receiver combines all received information until the 

codeword has been decoded successfully. Therefore, there is no residual error probability. Since no 

information is discarded at the receiver side, the probability of correct decoding increases rapidly with 

each retransmission, and the average number of retransmissions is generally quite moderate. The main 

performance parameters for this scheme are therefore the average throughput and the average delay. The 

average throughput  is measured as the number of information bits per channel uses, while the delay  

is defined as the number of retransmissions. These definitions are independent of system parameters like 

transmission bandwidth, carrier frequency or Nyquist frequency and are related by 

 1 2

1

R R
 (4.1) 

provided the modulation rate 1R  and the code rate 2R  are constant for all transmissions of the same 

codeword, which is the case in the following. For a value of 1 , one retransmission (i.e. two 

transmissions) is required in average. Equation (4.1) shows the typical compromise for adaptation with H-

ARQ: by choosing an MCS with higher rate 
1 2R R  the nominator increases but at the same time the error 

probability also increases and with that the average number of retransmissions in the denominator.  

In the following, we assume that error detection is perfect, i.e. that the receiver can determine if a packet 

has been correctly decoded. This can be achieved with high probability with an additional error detection 

code, which is typically implemented with a cyclic redundancy check. With this assumption, it makes 

sense not to limit the maximum number of retransmissions. 

The two principal retransmission schemes, Chase combining and Incremental Redundancy differ in which 

part of the original codeword is retransmitted. At the initial transmission, the packet consisting of K  

information symbols (i.e. bin 6K K  information bits) is encoded with the mother code of rate 2 1 2R , 

which results in a codeword 
2

0 1 2 1( , , , ) K

K qc c cc F . This codeword is punctured to 

0 1 1( , , , )Nc c cc , with 2K N K  and modulated with 12
R -QAM. For retransmissions, we consider 

the following two approaches 

1. Chase combining: In each retransmission, the same symbols 0 1 1( , , , )Nc c cc  are 

transmitted. 

2. Cyclic incremental redundancy: At the -th transmission, the code symbols with indices 

 mod( , 1, , ,2 )i i i N K  (4.2) 

are transmitted. The number of transmitted code symbols N  is not necessarily constant and might 

be adapted at each retransmission. The index i  in (4.2) is initially set to zero and is incremented by 

N  after each transmission (see also [PN08]). 

Both schemes respect the principle formulated by Viterbi to ñnever discard information prematurely that 

may be useful in making a decision until after all decisions related to that information have been 

completedò [Vit91]. This principle is not respected by e.g. schemes which discard packets that have been 

decoded with error. 

The cyclic IR scheme has the advantage to extend the simple IR to lower code rates and allows to define 

the number of retransmitted code symbols independently of the mother code rate. If in the initial 

transmission the mother code rate is used, the cyclic IR scheme morphs into the Chase combining 

scheme. 

 



DA VINCI   D5.3.1 

 Page 24 (33) 

4.1 Fixed-length retransmission units 

The simplest and most common method to select the RTU size is to fix it to the same value as the initial 

transmission. This is, despite of its simplicity, a quite reasonable choice since it does not require any 

additional feedback apart from the one-bit ACK/NACK message. It is also the natural choice for Chase 

combining scheme, which simply repeats the initial transmission. 

4.1.1 Analyti cal approximation of throughput and delay 

The throughput and delay for a certain MCS with retransmission is difficult to determine analytically 

because even the word error probability for a single transmission is usually not given by a closed-form 

expression. In this situation, a simple analytical approximation of the WER is quite useful: 

 
0

w

0 0

1 for 
( )

exp ( ) for 
p  (4.3) 

This approximation is illustrated in Figure 4.1 for the rate 2
3

 code with length 360N  and 64-QAM. 
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Figure 4.1:  Analytical approximation of WER curve 

Based on this approximation, an analytical expression for the word error probability at the n -th 

transmission has been developed [PN08, Bod09], which holds for the Rayleigh block-fading channel. 

Figure 4.2 shows its good agreement with simulation results. 
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Figure 4.2:  Word error probability after n transmissions in a block fading channel 

4.1.2 Throughput and delay 

For the above mentioned MCS (
1 6R , 

2 2 3R , 360N ), the throughput and delay has been obtained 

by simulations and is shown in Figure 4.3 and Figure 4.4. For Chase combining, the analytical 

approximation of [Bod09] accurately predicts the performance. Naturally, cyclic IR achieves a higher rate 

and lower delay. This gain is entirely due to the coding gain of the mother code in comparison to 

repetition coding of the punctured code. 
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Figure 4.3: Achieved rates with two types of H-ARQ for a fixed MCS with N = 360, K = 240, R1 = 6. 
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Figure 4.4:  Average delay for IR- and CC-H-ARQ for a fixed MCS 

 

4.2 Adaptive retransmission units 

While fixing the RTU size to the size of the initial transmission is the simplest approach and incurs the 

lowest signalling overhead (one bit for ACK or NACK), it is only slightly less complex to adapt the 

retransmission size based on CSI learned at the receiver side during the previous transmissions. The 

details of this adaptation are described in [PN10a] and is based on the observations: 

 the transmitter does not have accurate CSI 

 the receiver, however, has accurate CSI of all previous transmissions 

The channel knowledge at the receiver, combined with the knowledge of the number of the already 

transmitted code symbols can be used to adapt the size of the retransmission unit. 

In the following, we assume that the transmitter only knows the long-term average SNR of the channel, 

which is i.i.d. block Rayleigh fading. The instantaneous SNR is hence exponentially distributed and 

adaptation without retransmissions would result either in a significantly reduced rate or a high error 

probability. 

The throughput and delay, illustrated in Figure 4.5 and Figure 4.6, show that with H-ARQ nearly the 

same throughput as with perfect CSI can be obtained. The price to be paid for maintaining the throughput 

is a quite moderate delay, which is in average less than one retransmission for medium to high SNRs. 



DA VINCI   D5.3.1 

 Page 27 (33) 

-5 0 5 10 15 20 25 30
0

1

2

3

4

5

6

SNR [dB]

R
a

te

HARQ, flexible RTU

ACM, 11 MCS without puncturing

 

Figure 4.5:  Achieved throughput with H-ARQ and limited CSIT in comparison to ACM without 
retransmissions and perfect CSIT 
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Figure 4.6:  Delay with H-ARQ 

4.3 A non-binary H-ARQ scheme with low complexity 

A possibility to reduce the system complexity is to fix the modulation such that the constellation size is 

equal to the order of the Galois field, i.e. in our case to 64-QAM. This choice makes the demapping 

particularly simple [D2.2.1, PML09] and also reduces the signalling overhead. 

Figure 4.7 and Figure 4.8 show that throughput and delay do not suffer significant degradation by fixing 

the modulation for medium to high SNR. For low SNR, the delay increases considerably. 
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Figure 4.7: Obtained throughputs with H-ARQ with flexible RTU and fixed modulation 
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Figure 4.8: Obtained delay with H-ARQ with flexible RTU and fixed modulation 



DA VINCI   D5.3.1 

 Page 29 (33) 

5. Conclusions 

In this report, we have presented several schemes for adaptive coding and modulation (ACM), with and 

without retransmissions, for the non-binary LDPC codes defined in the DAVINCI project. For ACM with 

codes optimized for a certain rate and word length, we can define sets of modulation and coding schemes 

(MCS) which relate a range of SNR values to a modulation and code rate. These sets can be defined such 

that either the message length (the number of information bits) or the number of QAM symbols is 

constant. For punctured codes, a large set of MCS with constant message length has been defined. For 

implementation in a practical system, these sets can be reduced according to the expected SNR 

distribution. This description can be applied to adaptive single-carrier  systems or to multi-carrier systems 

which employ the same modulation on all subcarriers. 

For multi-carrier systems, which adapt the modulation subchannel-wise, a simple look-up table with a set 

of MCS is not sufficient. For such systems, the characterization of the coding performance with the 

mutual information per code symbol provided an efficient way to define a bit-loading algorithm with high 

performance and low complexity. The description with the accumulated mutual information per 

codeword allows to seamlessly combine frequency-selective adaptation with H-ARQ. 

For H-ARQ, a method for adapting the size of the retransmission unit has been presented. The simulation 

results showed that H-ARQ can provide high throughput in the absence of accurate channel state 

information (CSI). Retransmissions in the form of H-ARQ are an essential ingredient of adaptive systems 

for several reasons: 

 H-ARQ reduces the importance of accurate CSI at the transmitter. With a retransmission scheme, it is 

less important to be able to adapt to the instantaneous channel state: if a transmission fails in the first 

attempt, it will be successful with high probability at the first retransmission. This is of high practical 

relevance since the assumption of accurate CSI at the transmitter does not hold for wireless systems. 

 The information and the energy of the first transmission are not wasted because the receiver can store 

this information and combine it with the retransmissions. Hence, even if the first transmission 

attempt was not successful, the transmitted information contributes to the following transmissions. 

 The throughput with H-ARQ for very limited channel knowledge at the transmitter is comparable to 

the throughput with perfect transmitter CSI. 

A benefit of non-binary channel codes is that they can be combined naturally with higher-order 

modulations and therefore allow to reduce the number of considered modulations. 
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Appendix: Simulations Results for the AWGN Channel 

The following results have been obtained with a coded modulation system according to Figure 2.1 with 

1h , i.e. for the AWGN channel, with the bubble-check decoder provided by UBS [D6.1.2] and the 

following decoder parameters: 

NbIterMax = 30 , nm = 30, NbOper = 18, offset = 1  

The legend refers to the codeword length N, in GF symbols. For 16-QAM, the demapper employs the 

max-log approximation. 
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Figure A.1: WER for the listed codeword lengths for QPSK, 16-QAM and 64-QAM and a code rate R2 = 1/2 
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Figure A.2: WER for the listed codeword lengths for QPSK, 16-QAM and 64-QAM and a code rate R2 = 2/3 
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Figure A.3: WER for the listed codeword lengths for QPSK, 16-QAM and 64-QAM and a code rate R2 = 3/4 
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Figure A.4: WER for the listed codeword lengths for QPSK, 16-QAM and 64-QAM and a code rate R2 = 5/6 

 


